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DAVID M. J. CALDERBANK, LIANA DAVID AND PAUL GAUDUCHON 

Abstract. We discuss the construction of toric Kahler metrics on symplectic 
2n-manifolds with a hamiltonian n-torus action and present a simple derivation 
of the Guillemin formula for a distinguished Kahler metric on any such manifold. 
The results also apply to orbifolds. 



Introduction 

There is a one-to-one correspondence, established by T. Delzant in j^j, between 
the class of compact connected symplectic manifolds of dimension 2n with an ef- 
fective hamiltonian action of the ra-dimensional torus T n , known as compact toric 
symplectic manifolds, and a class a convex polytopes in R n , known as Delzant poly- 
topes. More precisely, given a compact toric symplectic manifold, the image of the 
momentum map is a Delzant polytope; conversely, to each Delzant polytope A is 
canonically associated a compact toric symplectic manifold Ma, in such a way that 
A may be identified with the image of the corresponding momentum map. By ex- 
tending the class of Delzant polytopes, a similar correspondence can be established 
for orbifolds 

It turns out that the symplectic manifold Ma canonically associated to A comes 
naturally equipped with a Kahler structure (Ma, g, J) and a holomorphic action 
of the complexified torus T£, which makes the complex manifold (Ma, J) into 
a toric variety; moreover, on the dense open orbit of T^, the Kahler structure 
admits a T n -invariant globally defined Kahler potential, which has been computed 
by V. Guillemin in jHj (see also [7j and pQ). 

The aim of this note is to provide a simple derivation of the Guillemin formula. 
The idea is to systematically exploit the symplectic geometry of the Delzant con- 
struction, in which the symplectic manifold Ma is obtained as a symplectic quotient 
of M. 2d (equipped with its standard hamiltonian action of T d ) by a (d — n)-subtorus 
of T d (here d is the number of codimension one faces of the Delzant polytope). The 
canonical Kahler metric is obtained from the identification of M. 2d with C d induced 
by the action of T d : the flat metric on C d then descends to a Kahler metric on Ma, 
the Guillemin metric. 

The key observation is that a Kahler metric on a toric symplectic manifold deter- 
mines and — modulo the choice of angular coordinates — is determined by a reduced 
metric on the interior of the image of its momentum map, and that these reduced 
metrics behave in a straightforward way with respect to symplectic quotients. In 
particular, in the Delzant construction, the dual M. n * of the Lie algebra of the quo- 
tient torus T n acting on Ma is naturally an affine subspace of the dual M. d * of the 
Lie algebra of T d , and the reduced metric on the interior Aq of A is simply the 
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pullback of the reduced metric induced (on a quadrant of W 1 *) by the fiat metric 
on C rf . To carry out this pullback, one simply has to write the flat metric on C d in 
momentum coordinates, i.e., 

3=1 ^ j=l 

(Here the first sum gives the reduced metric, the second the metric on the (i-torus 
fibres.) 

This procedure leads naturally to the Guillemin metric on Ma in momentum 
coordinates, which are the derivatives of a Kahler potential with respect to the more 
traditional holomorphic coordinates associated to the complexified torus action. 
The Legendre transform G of the Kahler potential F gives a dual or symplectic 
potential for the toric Kahler metric in momentum coordinates [HIE]. The usefulness 
of dual potentials and momentum coordinates in toric symplectic geometry has been 
emphasised by M. Abreu ^HJ. In particular, dual potentials, like reduced metrics, 
behave straightforwardly under symplectic quotients, and so the dual potential of 
Ma is easy to compute. Conversely, inverting the Legendre transform, we can 
reobtain the holomorphic coordinates and the Kahler potential F, yielding the 
Guillemin formula. 

Although this indirect approach is very simple, it seems not to have been de- 
scribed in detail before. However, it is closely related to the construction of toric 
hyperkahler metrics in [3] by R. Bielawski and A. Dancer, using the method of [HI 
Section 2(C)]. As they point out, the hyperkahler approach also gives the Guillemin 
formula by setting to zero half of the coordinates. Nonetheless, we hope it will be 
of use to present directly the Kahler story, with complete arguments, here. 

We begin by reviewing the Delzant-Lerman-Tolman theory of toric symplectic 
manifolds and orbifolds. Then we introduce toric Kahler metrics and their de- 
scription in momentum coordinates. We prove that under symplectic quotient, the 
reduced metrics are related by pullback, then apply this to the flat metric on C d . 

Finally, in an appendix, we explain how the Guillemin formula for the Kahler 
potential is also a direct consequence of a general formula appearing in 0] (cf. also 
Section 3 (E)] ). 

1. Hamiltonian group actions 

Let (M, u) be a symplectic manifold with an effective action of a Lie group G. 
For simplicity, we assume that G is compact. Then we say the action is hamiltonian 
if there is a momentum map \x: M — > g* for the action, i.e., [i is G-equivariant and 
lx^uj = —{dfj,,£) for any £ 6 g, where X% is the corresponding vector field on M 
(generating the action of a 1-parameter subgroup of G). 

If c is a regular value of ^ invariant under the coadjoint action of G, then (c) 
is a G-invariant submanifold of M and the action of G on /x _1 (c) is locally free, 
with finite isotropy groups. If this action is free, then M// C G := fi~ 1 (c)/G is 
a symplectic manifold, the symplectic quotient of M by G. In general, however, 
M// C G is a symplectic orbifold. 

Symplectic reduction can also be used to construct symplectic manifolds and 
orbifolds with hamiltonian group actions, by taking a symplectic quotient by a 
normal subgroup of the symmetry group. 

Lemma 1. Let G be a (compact) Lie group with closed Lie subgroup N, and suppose 
that (M,cD) has a hamiltonian G-action with momentum map \i: M — > g*, so that 
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[i N = i* o fj,: M — > n* is the momentum map for the induced hamiltonian N -action 
(here i* is adjoint to the inclusion of n in q). Suppose further that N is normal in 
G, that c€g* is invariant under the coadjoint action of G, and that c = i*{c) is a 
regular value of such that the action of N on (j,7r (c) is locally free. 

Then M = M // N has a hamiltonian action of G/N whose momentum map, 
viewed as an N -invariant function on pu^ip), is the restriction of \x — c to pL^{c). 

Proof. The action of [g] £ G/N on [z] £ M = ^(cj/N is given by [g] ■ [z] = [g ■ z). 
To see that this is well defined, note that the elements z of fi7}(c) are characterized 
by (n(z) — c, C) = for all ( £ n; now since c is G-invariant, for any z in /^(c) 
and any g in G, we then have (fi(g ■ z) — c, £) = {fJ>{z) — c, Ad g -i(). Thus, since N 
is normal in G, g ■ z is in ^ (c) and [g ■ z] depends only on [g] and [z]. 

The fact that (fi(z) — c,Q = for any z £ nj}(c) means that the restriction of 
H — c to /i^ (c), say u, has its values in (g/n)*, identified with the annihilator n° 
of n in q* . Moreover, v is TV- invariant: since N is normal, Ad* acts by the identity 
on n° for any g in N. 

Now v gives a momentum map for the action of G/N on M, since for any £ £ q, 
(dv, [£]) pulls back to (d/J,,£) = —lx^ on ^ (c). □ 

We remark that if u* : (g/n)* — > g* is the natural inclusion (adjoint to u: g — > 
g/n) then the affine embedding £ = -u* + c gives a commutative diagram 

V${c) -«U (z*)" 1 (c)cg* 

(2) J T £ 

M (g/n)* 

where g is the natural projection. In particular I identifies the image of v with the 
intersection of the affine subspace (i*) _1 (c) and the image of \i: M — > g*. 

2. TORIC SYMPLECTIC MANIFOLDS 

A hamiltonian m-torus action on a symplectic manifold (M, lo) of dimension 2re 
is an effective torus action generated by an m-dimensional family of hamiltonian 
vector fields X £ C°°(M,TM) ®M m * with a momentum map \i: M -> M m * whose 
components Poisson commute, i.e., lx^ = —d[i and u;(X, X) = 0. (This ensures 
that the components of X commute, and that /U is T m -equivariant.) 

Observe that W 71 is here the Lie algebra of the torus, and so contains a lattice 
Z m such that the torus is T m = M m /2vrZ m . 

Since the orbits are isotropic with respect to w, it follows that m < n — if equality 
holds, we say that (M, uj, fj,) is a toric symplectic manifold. 

In this section we summarize the classification of compact toric symplectic man- 
ifolds, established by Delzant [3], and the extension of this theory to orbifolds 
It turns out that there is a one to one correspondence between compact connected 
toric symplectic manifolds (or orbifolds) and a class of compact convex polytopes, 
called Delzant polytopes. More precisely, given a compact connected toric symplec- 
tic manifold (M 2n ,u>,[i), the image of the momentum map [i is a compact convex 
polytope A in W l * by the Atiyah-Guillemin-Sternberg convexity theorem. The 
same holds for toric orbifolds; the polytopes obtained belong to the following class. 

Definition 1. Let W 1 be an n-dimensional vector space with a lattice Z n , and 
consider a compact convex polytope A in M n * defined by the equations 

(3) (x,Uj) > \j, 
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(uj £ M n , Xj € M) for j = 1, . . . d, where d > n is the number of (n — l)-faces 
(simply called faces in the sequel) of A. 

Then A is said to be a rational Delzant polytope if the Uj belong to the lattice Z n 
and the elements corresponding to faces meeting any given vertex of the polytope 
form a basis of M. n . (It follows that the polytope is n-valent, i.e., n edges meet each 
vertex — the dual basis of W 1 * gives the directions of these edges.) 

The polytope is said to be integral or simply a Delzant polytope if the Uj corre- 
sponding to faces meeting any vertex form a (Z-)basis of the lattice Z™. 

Remark 1. Note that in this definition we consider the vectors Uj and the lattice 
Z n as part of the data. If A is integral, then in fact the Uj are uniquely determined 
by A and the lattice, since they must be primitive; conversely the Uj generate the 
lattice in this case. 

More generally, the Uj are determined by A, Z n and a positive integer labelling 
of the faces of A, since we may write uj = rrijyj with yj primitive and nij G Z + — 
because of this description, rational Delzant polytopes are called labelled polytopes 
in 9 . Now, conversely, the Uj in general only generate a (finite index) sublattice 
Z n of Z™ '. However, there is not much generality lost by replacing Z n with this 
sublattice — see Remark 01 below. 

The image of the momentum map of a symplectic toric orbifold (manifold) is a ra- 
tional (integral) Delzant polytope. Conversely, to each rational Delzant polytope is 
canonically associated a compact connected toric symplectic orbifold (Ma, WA) A*a) 
such that A is the image of the momentum map /^a- A toric symplectic orbifold is 
uniquely determined by its polytope up to equivariant symplectomorphism, so the 
two operations are mutually inverse. 

The construction of Ma will be important in the sequel, so we summarize it 
here, following jZHH]. The idea is to obtain Ma as a symplectic quotient of a 2d- 
dimensional symplectic vector space by the natural action of a {d — ra)-dimensional 
subgroup N of T d = R d /2vrZ d . 

Here, Z rf may be thought of (canonically) as the free abelian group generated by 
the d faces <jj of A, and M. d is the corresponding real vector space Z rf (g>z K. We 
take the symplectic vector space to be M. 2d = Z d (g>g M. 2 , where M. 2 is equipped with 
its standard area form and circle action. In terms of polar coordinates on M 2 = C, 
we then have a natural action of the torus T d on M. 2d : 

d d 

(4) [ax, ...,a d ]-y~] Oj ® (rj,0j) = } y Gj ® (rj,9j + aj) 

j=l i=i 

where [ai, . . . , ad] denotes the class of (ax,-- - , ad) £ M. d modulo 27rZ d . This action 
is hamiltonian with respect to the standard symplectic form, which in polar coor- 
dinates is ^2j = x r jd r j A d6j. It follows that the momentum map n of the T d action 
is given (up to translation) by 

(5) l M(v) = ^(rl-..r 2 ) 

where crj- is the basis of W 1 * dual to aj, and v = Ylj=i a j ® ( r j^j)- 

Let u: TL d — > Z n be the group homomorphism determined by aj i— ► Uj. We denote 
also by u the corresponding homomorphisms from M. d to W 1 and from T d to T n , 
which are surjective, and we denote the kernels by n and N respectively. 



d 
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Remark 2. u: 7L d -» Z" is surjective if and only if the Uj generate Z n , in which case 
N is the quotient of its (abelian) Lie algebra n by the kernel of u : 2nZ d — > 27rZ n , 
and so is a subtorus of T d . 

More generally if the Uj generate a sublattice Z n , then the quotient of N by the 
connected component of the identity is the finite group Z n /Z n . 

We now consider the restriction of the action of T d on M. 2d to the subgroup N. 
The action of N is still hamiltonian with momentum map hn = i* o fx, where 
i* -. R d * — > n* is adjoint to the inclusion i: n — > M d . We let c = £*(— A), where A = 
(Ai, . . . Xd) is naturally the element Ylj=x ^j a j °f an d consider the momentum 
level set fijj (c). 

The annihilator in of n is the image of the adjoint u* of u. It follows 
that fi~^{c) is the set of elements v of R 2ci for which there exists x in R n with 
n{v) + A = u*{x). 

In other words, since u*(x) = X^/=i( x ' u j) a j > u = X)jLi °j ® ( r j^j) belongs to 
/ x jv 1 ( c ) ^ anc ^ on b/ if there exists x in M n * such that 

(6) ^-(x) := - Aj = -j-, 
for j = 

We observe that (£i , . . . ^) are the components of the affine embedding t = u* — A 
of R n * into Hence v belongs to fj,j}(c) if and only if fi(v) belongs to the image 
of £, and then x appearing in (JHJ) is uniquely determined by v and belongs to A. 
This defines a map from fjL^(c) to A, which, following Lemma Q we denote by v. 
We thus have: 

(7) l{v{v))=fi{v) 

for all v = <7j <X) ( r ji&j) in Mjv ( c )' ^ ^ s clearly surjective and for each x in A and 
coincides with the orbit of any of its elements under the action of T d . In 
particular, fijj (c) is compact. 

Notice that ^(u) belongs to the interior of A (the complement of the union of its 
faces) if and only if all the Tj are non-zero; the isotropy group of v in T d is then 
zero. 

It turns out that for any v in fj,7r (c), the isotropy group N v = T v D iV of u in 
TV is finite, and is zero if the polytope is integral. Indeed, if v{v) belongs to the 
intersection of k faces cr^ , . . . Uj k , then = . . . = r Jfe = and the isotropy group 
T v of u in T d is the /c-dimensional subtorus of T d whose Lie algebra ty is the set 
of (ai, . . . 0^) with = for j 7^ jx, . . . ,jk- The intersection of T v with N is thus 
the set of [ax,... ad] G T„ with X^=i a i u j e 27rZ rf . However, the tij with ^ 
mod 27rZ, are part of a basis for a (finite index) sublattice of Z rf (choose a vertex 
in aj 1 n . . . f~l <7j fe ) . This means that the Uj with aj 7^ mod 2-7rZ form a basis for a 
finite index sublattice of ty n Z d ; N v is the quotient of tv n Z rf by this sublattice. 

Therefore iV acts locally freely on ^ (c), so c is a regular value oi hn, //^(c) is a 
closed submanifold of R 2d and the quotient M := fiZ, [c)/N is a compact symplectic 
orbifold, of (real) dimension 2d — 2(d — n) = 2n. This is the symplectic quotient, 
at momentum level c, of M. 2d by N. 

By Lemma ^ v induces a momentum map with image A for the natural action 
of the quotient torus T n = T d /N on M = fi^-[c)/N. 

Remark 3. If the Uj do not generate Z n , then we can instead work with the sublat- 
tice Z n generated by the uf N is then the connected component of the identity in 
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N, so M is a finite cover of M, with a hamiltonian action of the cover T n = M n /27rZ n 
of T n = W n /27rZ n . Thus M is the quotient of M by the finite group I/ 1 /!/ 1 . It is 
usual in the theory of orbifolds to pass to such global covers if they exist, as this 
will (at least partially) resolve some of the orbifold singularities. This explains why 
there is not much generality lost in assuming that the Uj generate Z n . 

3. Kahler quotients 

In general, let (M, g, J, u>) be a Kahler manifold with an effective action of a 
group G by isometries, which is hamiltonian with momentum map /u: M — > q* . 
Let M// C G be a symplectic quotient of M by G; then since G acts by isometries on 
/i (c) (and we are supposing the action is locally free), M// C G is a Kahler orbifold, 
the Kahler quotient of M by G. 

We now consider the situation described by Lemma Q where G acts on (M, uj) 
and iV is a normal subgroup of G. We assume additionally that G acts freely on M 
and that the dimension of G is equal to half the dimension of M so that /i : M — > g* 
is a G-principal bundle over its image. Then if 5 is a G-invariant compatible metric 
on M, we obtain a uniquely defined riemannian metric, say g Te d on im /i such that 
/x is a riemannian submersion from g to £? re d- 

Similarly, the quotient group G/N acts freely on the Kahler quotient M = M // N 
and this makes v: M — > (g/n)* into a G/iV-principal bundle over its image, and v 
is a riemannian submersion for a uniquely defined riemannian metric <? re d on imi/, 
when M is equipped with the metric g induced by g. 

We denote by I = u* + c the affine map from im v to im induced by the natural 
inclusion u* : (fl/n)* — > 0*. 

Lemma 2. T/ie reduced metrics are related by d*gxed — ^red* 

Proof. Let G fijr (c) and let X € T Z M be orthogonal to the G-orbit through 0. 
Then the (isometric) projection X of X onto T X M is orthogonal to the G/-/V-orbit 
through x = q(z). We thus have 

\Mx)\ gnA = \x\ g = \x\ s = \^(x))\g nA . 

Since /i(z) = £(u(x)) by LemmaQ] this is what we want. □ 

We wish to emphasise at this point that the Kahler quotient is a construction 
in symplectic geometry — the riemannian metric on M (and hence the complex 
structure) is just a passenger; that is, any G-invariant Kahler metric on M with 
Kahler form u descends to a compatible Kahler metric on M// C G. 

In general it is difficult to parameterize G-invariant Kahler metrics with a fixed 
Kahler form; instead one usually fixes the complex structure, so that compatible 
Kahler metrics are parameterized (locally) by Kahler potentials K (i.e., dd c K = uj, 
where d c = J o d). In the case of a compact toric symplectic manifolds however, 
compatible toric Kahler metrics on the open set Mq = /i _1 (Ao) determine and are 
determined by a T m -invariant lagrangian foliation (the integral leaves of the distri- 
bution generated by vector fields JK\, . . . , JK m ) and by the induced riemannian 
metric on Ao, which is of hessian type, i.e. defined in terms of a dual potential, 
which is related to the Kahler potential by Legendre transform (more details in the 
next section). 

4. Dual potentials for toric Kahler metrics 

Suppose that (M 2n ,uj) is a toric symplectic manifold with momentum map 
x: M — > M. n * and that {g, J) is a compatible toric Kahler structure. Let X € 
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C°°(M, TM) be the corresponding family of hamiltonian Killing vector fields 

with lxoj = —dx. 

We wish to study the geometry of M locally, so we assume that the torus action 
is free. Then JX is a family of holomorphic vector fields and the components of X 
and JX together form a frame of commuting vector fields. The closed 1-forms in the 
dual frame are naturally the components of M ra -valued 1-forms a and Ja = —a o J 
with a(X) equal to the identity of W 1 . If we locally write a = dt and Ja = —dy 
with y,t: M — > M. n , then y + it: M — > C n is a local holomorphic chart on M. 

The components of Ja and tjw span the same rank n-subbundle of T*M, the 
annihilator of tangent space to the orbits of the torus action. Hence there must be 
mutually inverse functions F: M -> Hom(]R n ,R n *) and G: M -> Hom(]R n *, M n ) 
such that 

tjfW = {F, Ja) and Ja = (G, lxuj). 

Since <?(X, X) = cjpf, JX) = F, we deduce that 2* 1 and G are, at each point of M, 
symmetric and positive definite elements of M n * <8> M n * and M n ® M 71 . 
Concretely, with respect to a basis of the Lie algebra M n , we have 

dx r = Frsdy s and dy r = G rs dx s . 

s s 

Now Yls G rs dx s is closed if and only if G rs is the hessian with respect to x of a 
function G. Indeed ^2 s G rs dx s = dy r if and only if G rs = dy r /dx s , in which case 
y r = dG/dx r for some function G, since G rs is symmetric. Similarly ^2 s F rs dy s is 
closed if and only if F rs is the hessian with respect to y of a function F. 

We therefore have functions F, G on M such that x r = dF/dy r and y r = dG/dx r ; 
without loss of generality, we may also assume that the constant F + G — (x,y) is 
zero. Thus the coordinate systems x and y, and the functions F and G, are related 
by Legendre transform: 

F is a Kahler potential, since uj = F rs dy s A dt r = dd c F. On the other hand 
G is the dual potential we need to parameterize toric Kahler metrics with fixed 
symplectic form. 

Proposition 1. [HID Jei G be a function on W 1 * whose hessian G rs is positive 
definite with inverse F rs . Then 



^ ^ {GrsdXrdx g I -Fy s dfj y ctt> g 



is a toric Kahler metric with Kahler form 

uj = dx T A dt r 
r 

and momentum map x. 

Observe that g m( i is the metric ^ r s G rs dx r dx s on the image of the momentum 
map x. The following simple observation explains why dual potentials are conve- 
nient when taking Kahler quotients of toric Kahler manifolds. 

Proposition 2. Let (M,g) be a toric Kahler manifold of real dimension 2d. Denote 
by Mo the open set on which the T d action is free, so that the momentum map 
fj,: Mq —fUc M. d * is a principal T d -bundle. 



D. CALDERBANK, L. DAVID AND P. GAUDUCHON 



Let N be a subgroup ofT of codimension n, with momentum map, /in = i* o fj,, 
where i* : M. d * — > n* is the natural projection. Choose c G M. n * such that c = i*(c) is a 
regular value of hn and the action of N on ^ 1 (c) is locally free. Let M = n~^~{c)/N 
be the Kdhler quotient with metric g and q : (c) — ► M the natural projection. 

The action ofT d on M preserves //^V (c), hence induces a hamiltonian action of 
the quotient torus T" := T d /N on M with momentum map v defined by 

(8) v o q = (j, — c. 

Let Ao denote the image of u restricted to Mq, the quotient o///^ 1 (c) D Mq by N. 

Then the reduced metric g red on Ao is the pullback by I of the reduced metric g red 
on U and so if G : U — > M. is a dual potential for g on Mq, then G = Go I: Ao 
is a dual potential for g on Mq . 

Proof. Most of the statements in this proposition are immediate from Lemma ^ 
since the coadjoint actions are trivial and N is necessarily a normal subgroup of 
T d . It remains to establish the conclusion that G = £*G is a dual potential for the 
quotient. This follows from Lemma |2 since £ is an affine map with respect to the 
flat affine connections D and D on Ao and U. Indeed, for the dual potentials we 
have 

Dd(tG) = tDdG = tg md = g red . 

□ 



5. The Guillemin formula 



In section |21 we explained how any toric symplectic orbifold M could be obtained 
as a symplectic quotient of a symplectic vector space M. 2d . In canonical terms 
M. 2d = Tj d <8>z R 2 ) where Z d denotes the free abelian group generated by the faces 
o"x, . . . (Td of the (rational) Delzant polytope A, and M 2 is the standard symplectic 
vector space with a (linear) circle action. To emphasize the symplectic nature of 
the construction we deliberately suppressed the obvious identification of R 2 with 
C, and hence of M. 2d with C d . In these terms the torus action (jlj on is given by 



• z d ) = 

id 

rje 3 . 



Zd) 



(9) [ai,...,a d ]-(z 1 , 

where [oi, . . . a d ] S M. d /2irZ d and Zj 

Thus M. 2d is in fact equipped with a canonical flat Kahler metric compatible with 
the symplectic form | dzj A dlj , and this induces a canonical Kahler metric on 
M, called the Guillemin metric. 

In this section, we obtain an explicit expression, the Guillemin formula, for the 
reduced metric on the interior Ao of the (rational) Delzant polytope A. We also 
obtain formulae for the Kahler potential and dual potential. These results are due 
to Guillemin Ej (see also Abreu |2j ) , but we obtain a simple new proof using 
Proposition El 

Recall that the toric symplectic manifold (M, u, v) fits into the commutative 
diagram 



(10) 

where I: R n * 
(11) 



q 

M — 
i d * is the affine map 

e(x) = (e 1 (x), 



R d* 

£ 

A c W 1 * 
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with 

(12) £j(x) = (uj,x) - \j. 

Now we restrict attention to the open subset of C d where the T d action is free, 
and the corresponding open subset Mq of M. These are principal T d and T n bundles 
over U C M. d * and Ao C R n * respectively, where U is the positive quadrant of M. d *. 

It remains only to compute the reduced metric g re & and dual potential G for the 
flat Kahler structure on C d and pull these back by i. The Kahler potential can 
then be found by Legendre transform. 

The explicit derivation of g xe & and G is a straightforward coordinate transfor- 
mation: Zj = rje l8j and the components of the momentum map fx are given by 
fj,j = rj/2. Thus the flat metric on C d is 

(13) £ dZj d~z 3 = ]T>/ + r) d6/) = £(f^ + 2H d0f 
j i i=i 3=1 

Hence 

(14) ~ 9 r CA =\i: d ^ 



2 n * 



so that a dual potential G is given by 

2 



1 d 

(15) G = - ^Hjlogfij. 

3=1 

Theorem 1. Let (M 2n ,uj) be a toric symplectic orbifold with momentum map 
v. M-tAc M. n *, where the (rational) Delzant polytope A is given by 

(16) {x £ M. 11 * : lj{x) > 0, j = 1, . . . d}, 

where ij(x) = (uj,x) — Xj for Uj G 7L n and Xj € M. 

Equip M with the Guillemin metric g. Then the reduced metric on Aq is 



1 d 

(17) 5red = 77 £ 



J 

2 



and a duaZ potential and Kahler potential are given by 

d 

2 



(18) G=lj2£ j (x)logl j (x) 

3=1 
1 d 

(19) F = -J^(A i log^( a; )+^(x)) 



2 

Proof. Using Proposition 12 the reduced metric and dual potential follow immedi- 
ately from (|14[) and l|15|l by writing jXj = lj{x). It remains to compute the Legendre 
transform. The dual coordinates y to the momentum map x are given by 

dG 1 d 

(20) y = — = - Ui log ^ (x) + u 3 - , 

i=l 
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Thus a Kahler potential is given by 

1 d 

-G(x) + (x,y) = - ^2{((uj,x) -£j(x))log£j(x) + {uj,x}) 



-^(ijix) + Xj + Xjlogijix)). 



2 

This differs from F by an additive constant. □ 

Appendix: An alternative derivation of the Kahler potential 

In this Appendix, we show that the expression of the Kahler potential F appear- 
ing in Theorem n can also be easily derived from a general expression of the Kahler 
potential of a Kahler reduction appearing in 0]. 

We again consider the construction of Ma as a Kahler reduction of M. 2d ~ C d with 
respect to the standard action of a subgroup ./V of T d , cf. section|2l Notations are the 
same as in the body of the paper. We denote by Nc, T£, T£ the complexifications of 
N, T d , T n ; the complex torus ~ C* x . . . x C* (d times) acts holomorphically on 

R 2d = C d by (&,••• ,(d)izi,---,Zd) = (Ci*i,--->Cd«d), where, for each j = l,...,d, 
= tj£ iaj , tj > 0, is a non-zero complex number; the restriction of this action to 
the compact part T d coincides with the action already considered. The restriction 
of this action to Nc is again a holomorphic extension of the action of N. 

Let be the set of points of C d whose Ac-orbit cuts jjZ, (c) along a non-empty 
orbit of N (Cf is called the stable part of C d in [Tj). Then, as a complex manifold, 
the Kahler reduction M coincides with the (ordinary) quotient of by Nc. 

Moreover, for any z in Cf, there exists a unique element t z = (t z i, . . . ,t z d) in 
exp(iV) C Nc C T d such that t z ■ z belongs to ^ (c). 

We denote by p the natural projection from Cf onto M = C d /Nc', we then have: 

(22) p(z) = [t z ■ z] = [t zA z ll t X) dZd], 

for any z in C d , where [t z ■ z] denotes the class mod N of t z ■ z in ^ (c). 

We temporarily assume that the \j € 2-7rZ for all j, so that A can be identified 

with the character xx of T d defined by \\ '■ • • • ; a d] — > e 1 ^^ 1 x i a i\ whereas — c 
is identified with the restriction, X-c of xx to N. We still denote X-c the natural 
extension of X-c to Nc, with values in C*. 

Proposition 3. The pull-back p*co admits a globally defined N invariant potential, 
K, on C d , i.e. 

(23) p*to = dd°K, 
where K is given by 

d 

(24) k{ Z ) = -Y J {i j {x) + X j \ogtl j ). 

i=i 

Here, x = (vop)(z) is the point of A corresponding to p(z) and £j(x) = (x,Uj) — Xj . 
Proof. According to Theorem 3.1 in J], we have that 

(25) K(z) = Ku(t z ■ z) + l -\og\ X -c{t z )\ 2 , 
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where Kq = ^ is the natural Kahler potential of the flat metric of Cg. By (|6"|). we 
then have: Ko(t z ■ z) = ||i 2 • z\ 2 = ^ Ylj=i ^ji x )i where x = (y op)(z), whereas 
\X-S z )\ 2 =t%...t%. □ 

We define Cq as the set of z in Cf such that Zj ^ for all j. Its image by p is 
the open subset, Mq, of M which maps to the interior, Ao, of A by v. 

As an easy consequence of Proposition 13 we get an alternative derivation of the 
Guillemin formula for the Kahler potential 0: 

Proposition 4. The restriction of uj to Mq has a globally defined, T d / N -invariant 
potential K, i.e., 

(26) uj\ Mq = dd c K, 
with K = F o v, and 

d 

(27) F{x) = -Y^{tj{x) + X j ]ogl j {x)), 

3=1 

for any x in Aq. 

Proof. Let z be an element of Cq, so that Zj ^ for all j = 1, . . . , d. The element 
t z , viewed as an element of K + x . . . x R + (d times), is then written as t z = 
(t Z) i, . . . , t Zt d), where, by ©, each positive real number t z j is determined by: t 2 z ■ = 

?r. We then have: 



(28) 



d d 

logx- c (|^| 2 ) = E lo sO = E A i lo §^ 

3=1 3=1 
d 

= *jQog£j - log \zj\ 2 + log 2). 

3=1 

Since the terms in log \zj\ 2 and the constant term log 2 have no effect in the com- 
putation of oj\ m , we directly derive (|2*7jl from ((23}. □ 

Remark 4. In this approach, we assumed the Xj were integral. However, an easy 
rescaling argument yields the same result when the Xj are rational, hence finally, 
by a continuity argument, in the general case where the Xj are real, i.e., for any 
Delzant polytope, as we showed in the body of the paper. 
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